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Sugmary:

This paper demonstrates the application of the
covariance biplot technigue to the analysis of
relative price movements in South Africa over
the period 1960-1983. 1In this application it
is appropriate to use weighted values of the
data and the paper provides a theoretical
analysis of the covariance biplot procedure for
the weighted case. It is demonstrated how the
biplot analysis of relative price movements
gives far greater insights into relative price
behaviour and variability than previous
approaches.

1. INTRODUCTION

The term rate of inflation is widely applied in the analysis of
economic performance. Although it is applied to individual items
the term is more generally used to refer to the change in price of
a weighted average of a selected set or basket of goods and
services., The weights used will vary according to the relative
STMA 1987 SUBJECT CLASSIFICATION: 06:110(14:070)
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importance of the items, for example they may be proportional to
the consumption expenditure on each item or the production value
of each item. Thus the rate of inflation as measured by changes
in the consumer price index is based on a different set of items
and weightings to that measured by changes in the production price
index.

An important issue that has received less attention is the
.measurement of changes in the relative prices of items within the
basket. Increased variability in relative prices, in iteself,
leads to greater uncertainty for both producers and consumers in
the determination of almost all aspects of their econcmic
activity. For example, a change in the price of a primary input
relative to the price of the finished product has more impact on
the producer than an equal change in the price of both items.
This paper is concerned with the measurement and assessment of
relative price changes.

In order to examine the variability of relative prices for

scme set of n goods the price indices Pit for goods
i=1,...,n are recorded for = time points t = 1,....m
(usually years). In this type of application it would be usual

for m to be greater than r. In the analysis below we will make
this assumption.

An increment of the price index of good { over year t is
defined. In the study below the logarithmic increment is used so
that the resulting data can be interpreted as inflation rates.
Thus we may define:

Xy, = log Py~ log Pl.t-l'
Xia is then the rate of price inflation for good i over year
t.

The average inflation rate over the set of goods considered
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at some time point ¢ is the weighted average
- n
.= Zwx
-t - i=1 17it
where the weights W,;» 1 =1y...,n which sum up to I, are the

same for each year and equal the average expenditure share on the
1-th good over the m years,

The matrix X = [xjt] contains all the informstion about
price variation:

* each column captures the variation in the rate of inflation

over the goods at a given time,
* each row captures the varistion in the rate of inflation of
a particular good over time.

In order to measure relative price variability previous
authors (Parks 1978, Theil 1967, Bleijer 1981, 1983 and Cuikerman
1983) have focussed on the gecalar measure

n

Zw, (x

VP
jop A Tt

) = 42
t - )

This formula, however, captures only a emall portion of the

relative price information available in matrix X. In particular,

measures such as VP, give no indication of how relative price
veriability is constituted at a given point in time. CQuite
different columns of X could give rise to the same valué of
VPy.  More information cen be obtained by considering the matrix
X in some higher dimension.

In this paper we present a useful graphical display
technique for viewing the movement of relative prices through
time, The biplot procedure used here requires a generalization of

the standard method (Gabriel 1971, 1972, 1981, Greenacre and

Underhill 1982, Greenacre 1984: Appendix A, Gower 1984) in which
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the observations are weighted. Greenacre (1984, p. 348) has
commented that the usefulness of the biplot on weighted data has
not been explored. In this application the use of weights is both
natural and necessary for the purposes of interpretation.

The biplot of relative price movements will capture a large
portion of the interpretable information on relative price
contained in matrix X in a two dimensional graphical display.
In particular one can track the movement of the relative price
vector through time in terms of its across—category variance VPt,
its correlation across years and the nngnitudes‘of its components
(relative to the average inflation rate). This allows one to
identify which price categories are giving rise to changes in the

variability of relative prices at any point in time.

The weighted covariance biplot

The covariance biplot represents an n x » data matrix as two
clouds of points, n points representing the rows and m points
representing the columns. For visual inspection one projects
these points onto a low dimensiocnal subspace in such a way that as
much as possible of the wvariability of the data matrix is
preserved.

Sumsary statictics of the X watrix when weights are applied

The matrix X has n rows which correspond to price categories
(of goods) and = columns which correspond to time points (with
m>n).

Let £ = [att']’t?t' = 1,2,...,m be the yeighted
variance—covariance matrix defined by

= (X - W)l - WX
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T .
where w = (wI.wz,...,wn) and B = dlag(wl,w ,....wn).

Apart from the weighted averages of the columns of X the

quantities of interest for the purposes of interpretation are

contained in the matrix 2. We now list these quantities and

later show how they can be obtained from the biplot.

(i)

(ii)

{iii)

(iv)

The weighted average of column ¢

(1.1) X .= 51"1x1t'
This equals the weighted average of the price changes at
time point ¢, i.e. the inflation rate at time point t.

The weighted variance of colump ¢
- = N2
(1.2) Oy = zjwi(xjt x't) .

This value equals th' the usual measure of relative price
variability at time point ¢t.

The weighted covariance between columns ¢ and ¢°

(1.3) Oppr = zi"l(xit—x-t)(xit'—x-t')'

The weighted correlation between columns + and #°
O

(1.4) Pyye = W

This correlation coefficient adjusts for the fact that
some categories are felatively more important in a basket of
goods and services than others. This gquantity will thus
give an indication of the closeness of the relative price
constitution at two time points adjusted for the different
weightings of the categories.

For completeness we mention two more quantities which are

easy to extract from the biplot although in this application
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(v)

{vi)
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they have limited economic interpretation.
The weighted variance of the difference between columns t
and t' equals

(1.5) Ziwi[(xit-;.t) - (xlt'—;'t.)]z.

If we let Y!) be the i~th row of Y = X - 1W'X and z !

is the Moore-Penrose generalised inverse of Z then the

Mahalancbis distance between two rows Y(;) and Y(j') is

e @ -y T

The weighted SVD and the perfect biplot

We now show how the quantities of interest listed.in (ii)—(vi)

above are obtained from the biplet.

The singular value decomposition of Z = H#T is of the form

Z= UDGVt where D_ = diag(aj,...,ar), r = rank(Z2),

o
&y 2 e 2 a. >0
vt = vly =1,

r

where r equals 7-1 (since column means have been subtracted
and m > n).

(2.1)

where

This leads to the decomposition

Y = 56T
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The perfect biplot given by (2.1) is the set of n+w
points in r-dimensional Euclidean space comprising
n row points, fi (each is a row of F)
m column points, g, (each is a row of @).
The geometrical interpretation of these points i in terms
of the distances of each point from the origin and the cosines of

the angles which pairs of points subtend at the origin.

(i} Each element of Y, Vit equals the inner product of f1

and 9, i.e. the product of the distance of r, and g9,

from the origin and the cosine of the angle subtended by fi

and gt at the origin,

i.e. Vyp = Fi09, E»"fi"ﬂgt"cos 0,,-
Thus the point fi represents the vector of across-time
inflation rates in category i and the point g, repre-
sents the vector of across-categery inflation rates at
time t¢. Thus the inner product of fi and g, €ives an
indication of how close the inflation rate of price cate—
gory 1 was to the weighted mean of column ¢ (the gen—
eral inflation rate at time ¢). One corollary to this is
that if the inflation rates of two price categories show
similar behaviour through time they are plotted close
together. In addition note that the sum of the projec—
tions of all the g; -(year points) on a particular f
will be zero.

i

(ii) (a) It follows from (2.1) that
) T
ca? = vnanavr = 27z
-1 0T (x-17x) 5.

Therefore "gtnz = Ziwx(xit—;.t)z. Thus the squared
distapce of 9; from the origin (or squared length of
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(b)

(c)

(d)
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gt) is equal to the weighted ﬁariance %% of column
t of X (eof. (1.2)).

Furthermore
9y°Fy. = T 05, x )y, ),
Thus the inner product of g, and 9 equals the

weighted covariance Tigs between columns ¢ and ¢°
of X (cf. (1.3)).

The cosine of the angle between g, and g,,,
gt .gtr

cos(ott,) =

Epw (g x Dy, x )
TP R A MC IR
Thus the angle between g, and 9. on the biplot
equals the weighted correlation between columns ¢ and
t+ of X (cf. (1.4)).

Thus if the relative price structure at two points is
highly correlated, g, and g,, will lie in the same
direction from the origin, if they are negatively
correlated they will lie on opposite sides of the origin
and if the correlation between the two varisbles is
close to zero, they.will tend to lie at right angles to
each other.

Denoting the t—th column of Z by Z(t) we have

2 _ T
lIs:g, 1" = Gy = Z0)) Zryy = 240y

= Ew (20X ) - (xjt'_;-t')lz'
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Thus the square of the distance between g, and 94
is equal to the weighted variance of the difference
between columns t and t* of X (cf. (1.5)).

(e) From (2.1} it follows that

F=ghy- n"‘zvn;l

and consequently
FF' = o %z igTg %

Thus
£rf, = YD gyt
i i .
where Y(I) denotes the i-th row of ¥. Therefore the

distance between fI and f,, 1is

] - . iy
e 2 = (r) -yl y(8) _ ylen)yr
which is the Mahalanocbis distance between Y(i) and

YY) (er. (1.8)).

The approximate biplot

For the practical ' implementation of the biplot one considers an
approximation of (2.1), where the first p columns of F and the
first p - columns of G are retained. This gives an
approximafion of ¥, and a corresponding approximate biplot of =n
+ m® points in p-dimensional space.

These first P columns correspond to the p largest
singular values .dx»(k=1----'P) and the quality of the
approximation is measured by

q =100§a2 ;a‘?.
P k=1 X par X
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For a two dimensional plot we take p=2, All the properties
of the perfect biplot described above hold approximetely here.

2. APPLICATION OF THE COVARIANCE BIPLOT TO RELATIVE

PRICE MOVEMENTS
The covariance biplot procedure was applied to the analysis of
relative price movements for the data described above. In this

application the various price categories are treated as the rows

and the time points as the columns. The weights (wi) applied in

the analysis are those of the consumption expenditure shares of
the various price categories in the analysis adjusted so as to sum
to unity (table I). When these weights are incorporated into the

enalysis the column means are the weighted means of the X4

namely ’;-t (the general inflation rate).

The quality of the biplot in two dimensions is nearly 90%
{table III) indicating that the distortion in the two-dimensional
display should be acceptably small. Nevertheless, each
interpretation made from the display needs to be confirmed by
inspection of the original data matrix.

Considering first the column (time) points in figure 1, note
that their length approximates the weighted standard deviation of
that column and thus has a direct interpretation since it is
proportional to the aquare root of th' These distances are in
general agreement with the computed VPt's of table 1. The
cosines ' of the angles between time points in figure 1 approximate
the correlation between the relative price structures at different
points in ‘time. The two-dimensional display thus.. gives a

simultanecus representation of the degree of relative price
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variasbility and the closeness of the constitution of this
variability at different points in time. Thus points for 1983 and
1973 have similar levels of relative price variability but very
different compositions of that variability.

Turning to the interpretation of the row points, the
categories of consumer prices, we see that the categories
furniture, clothing and motor vehicles, which are close to each
other, behaved gimilarly over time. The position of food and
housing indicates the very different behaviour of food and housing
prices over time vis-a-vis each other and the group comprising

furniture, clothing and motor vehicles.

What is of particular interest in tﬁis application is that

the biplot interpretation enables one to consider the price
category sources of the VPt value and in which direction they
act. Thus, for example, the year 1980 lies in the same direction
as food but subtends an angle of greater than 180 degrees with the
other four price categories. This implies that food price changes
were above lthe average price change in 1980 and that all other
catégories were below the average price for 1980. The
configuration of the five price categories relative to the point
representing the year 1980, in fact indicates that the large value
of th was due primarily to the relatively large increase in the
food price in 1980. Price varisbility in 1983 was, in contrast,
high because of the relatively large price changes of housing and
the relatively low price changes of furniture and clothing. In
this cese it is seen that price changes in food and motor vehicles
were close to the average and made a small contribution to
relative price variability in 1983.




COVARIANCE BIPLOT 169

TABIE IiJ: The quality of the biplot approximation for
increasing p.

P qp(x)

1 69,751
2 88,612
3 97,780
4 100,000

CONCLUSION

In this paper we have demonstrated an extension of the coveriance
biplot to an example where it is natural to consider weighted
values of the data both for average value and variance
computations. It is seen how the technique allows a number of
data features to be displayed simultaneously within a single plot
and thus represents a compact and powerful teool for exploratory
data analysis.
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